We propose a framework that can be used to study the local thermodynamic stability of materials at finite temperatures, by reconstructing the free energy surface based on metadynamics, constrained molecular dynamics, and local atomic deformation tensor analysis methods. We apply the proposed framework to FCC embedded-atom Cu models and estimate the activation energies, volumes, and critical local deformation tensor for a stacking-fault nucleation event in a Cu single crystal.
Introduction
Recent advances made to nanostructured material development techniques have enabled the development of nanoscale devices, which have several engineering applications. Currently, there is a strong demand for the evaluation of the strength, structural health, and mechanical stability of the constituent nanostructured materials of such nanoscale devices.
1) The rapid development of experimental techniques in recent years has enabled accurate evaluation of the mechanical properties of nanostructured materials. For example, nanoscale mechanical tests such as nanoindentation and nanocompression tests have revealed that the strength of nanowires, nanotubes, nanopillars, and nanoparticles is close to the ideal value (a few gigapascals) 2) and that the ductility, strength, and creep properties of nanocrystals differ markedly from those of macroscopic crystals.
3), 4) At present, the theoretical study on the reason for nanostructured materials having the aforementioned mechanical properties is still in its early stages. Atomistic modeling and simulation, which can reveal the atomic configuration of nanoscale materials and energy changes occurring during the deformation of these materials, is expected to aid the aforementioned theoretical study.
To study the detailed mechanical behavior of nanoscale materials, we can use atomic modeling methods such as the molecular dynamics (MD) method. Many studies have been conducted on the strength, structural health, and mechanical stability of nanoscale materials.
5) 7)
Normally, these properties are studied by applying external stress or displacement constraints to the material and increasing the load until instability occurs. This strategy is effective for investigating the material stability under the external conditions in a very short time (a few nanoseconds) or at 0 K but not for investigating the thermodynamic robustness of the material against the external conditions at a finite temperature on a practical time scale (a few seconds to several years), because of the short MD time scale. The thermodynamic robustness, which can be defined as the difference between the free energies of the current and unstable transition states, in an arbitrary region inside the material is expected to provide important data for the design of thermodynamically stable nanostructures and nanomaterials.
A method that can be used for such an evaluation is the nudged elastic band (NEB) method. 8) This method was originally developed to investigate chemical reaction pathways but has recently been used for investigating the thermal activation processes in solids, such as defect nucleation and motion, 9), 10) atomic diffusion, and so on.
In the NEB method, the activation energy required to In this study, we adopt this approach to investigate the thermodynamic robustness and stability of a perfect Cu crystal subjected to local affine deformation, which is defined by a local deformation tensor.
Theory and methods
This section describes the basic theory and methods used in the framework.
1 Metadynamics method
The metadynamics method 13) was proposed by Parrinello et al. 12) and is used, for instance, to search the metastable states of silicon crystals. 14) The basic goal of metadynamics is to find all metastable states while elucidating the free energy surface described in the configurational space by filling up the free energy basins with known Gaussian functions.
The free energy surface F is considered to be a function of the collective variable (CV) set s = {s1, ..., sd}. That is, the configurational space is defined by s and F = F (s).
In this case, d needs to be less than or equal to the degrees of freedom N for the system (d ≤ N). For example, in an atomic system, it is possible to select the atomic coordinate, bond angle, bond length, distortion, or other functions for s. In this study, a local atomic deformation tensor is selected as the CV.
The probability that a system is in a certain s = s state under the canonical ensemble can be calculated via :
given by the following equation :
Here, β = 1/kBT and V is potential energy. s is fixed at a certain position in space s t m by using the constraint molecular dynamics method. In general, there is a gradient of the free energy surface at the fixed position, and therefore, a finite constraint force − = ∂F/∂s|s=s tm is required to fix s. This force can be calculated by the constraint molecular dynamics method for a certain finite temperature; in this case, the canonical ensemble aver- 
2 Constraint molecular dynamics method
We used the RATTLE method 15) to estimate the constraint force = −∂F/∂s tm . In the RATTLE method, the equation of motion is solved under the holonomic constraint condition g = 0. The equation of motion to be solved can be expressed as follows :
Here, λk is the Lagrange multiplier, L is the Lagrangian, and K is the number of restraint conditions. When solving the equation (7) using the velocity Verlet method, the atomic position is updated by the following equation :
Here, f is the force applied to the atom, and R is the cur-H. Usida, S. Ogata, H. Kimizuka 
rent atomic position. Δr is the displacement due to the applied constraint condition g = 0. Since the equation (8) is nonlinear, convergence calculation is necessary to determine λ k, so that the constraint condition g = 0, which is satisfied for t = t, is satisfied when t = t + Δt. Here, the ensemble average of λ k corresponds to the constraint force − .
3 Local deformation tensor
To investigate the thermodynamic stability under uniform local deformation, we define an atomistic deformation tensor 16) F i of atom i in a local region V, for which the deformation tensor is defined. F i is determined by minimizing the following square value calculated from the reference and current atomic configurations ; dji and dji, and F i ( Fig. 2 ) :
where dji = rj−ri. This is the relative position vector between atoms i and j. The superscript 0 indicates the reference configuration. NV is the number of atoms contained in the local region V.
In the metadynamics method, the free energy surface for local uniform deformation is calculated using the constraint molecular dynamics method while constraining the deformation tensor F via :
Thermodynamic stability of Cu crystal under local shear deformation (single-degree-of-freedom analysis)
First, only one local shear deformation tensor component is selected as the CV for the stability analysis of the Cu crystal under local shear deformation. In this case, the free energy is defined in the one-dimensional space.
1 Model and conditions
We use a quasi two-dimensional model of perfect FCC Cu with dimensions 63 × 51 × 18Å consisting of 4800 Cu atoms (Fig. 3) . The x, y, and z coordinate axes correspond analysis under an external shear stress τxy was also conducted to study the external shear stress dependence of the free energy surface.
2 Results
The free energy surfaces obtained by the metadynamics method for a temperature of 300 K and external shear load stresses of τxy = 0 GPa and τxy = 1. imposed. Eventually, a stacking fault is generated in the slip plane (Fig. 5 (c) ). We should note that since the deformation path is known for the case with one degree of freedom, it is also possible to obtain the free energy surface from the free energy difference while incrementing Fxy successively along the known deformation path without using the metadynamics method.
We first confirm the sufficiency of the statistical average time of 2 ps. We increment Fxy manually from 0 to 0.8 and then reduce it from 0.8 to 0 (increment : 0.1) and estimate the free energy change along this path by integrating the constraint force. As shown in Fig. 6 , the free energy difference at Fxy = 0 between the pre-and post-integration is within 0.03 eV, confirming that the average time is sufficient. We estimate F crit xy = 0.99, and it is slightly larger than for the 300 K case. When Fxy increases from the perfect crystal zero-strain state, the free energy of the system increases along the solid line. When it exceeds approximately Fxy ∼ − 0.5, the free energy of the system with the stacking fault becomes lower than that of the system without the stacking fault, as shown by the broken line, but no stacking fault is actually generated because there is an energy barrier between the states. The energy barrier should decrease with an increase in Fxy ; eventually, when the barrier decreases and becomes comparable to the thermal fluctuation at the given temperature, the barrier is overcome and a stacking fault is generated. In fact, we set the external shear stress to 0 GPa and fixed the deformation tensor to Fxy = 0.61 and Fxy = 0.80 to calculate the energy barrier between these two curves (A → B and C → D in Fig. 9 (a) ) using the NEB method (Fig. 9 (b)(c) ). crystal. The free energy is defined in the two-dimensional space.
1 Model and conditions
Two analysis models with different boundary conditions and crystal orientations (Model I, Model II) were used ( Fig. 11 (a)(b) 
2 Results
The free energy surfaces obtained using metadynam- Later, while no interesting deformation mode was seen in Model I after the first stacking fault generation because of the effects of the crystal orientation and model boundary conditions, in Model II, a second stacking fault generation ( Fig. 15 (d)(e) ) was observed on the sliding plane in the next unstable orientation after the first stacking fault generation (Fig. 15 (b) ). A deformation mode in which two sliding planes cross also appeared subsequently ( Fig.   15 (f) ). As shown above, by filling up the free energy basins one after another, it is possible to obtain all the instability modes while clarifying the shape of the free energy surface.
Conclusion
We have proposed a new analytical framework for the evaluation of the local thermodynamic stability of a material at a finite temperature and stress. We applied 
